The electronic properties of graphene sheets are often understood by starting from a simple phenomenological π-band tight-binding models. We provide a perspective on these models that is based on a study of ab initio maximally localized Wannier wave functions (MLWF) centered at carbon sites. Hopping processes in graphene can be separated into inter-sublattice contributions responsible for band dispersion near the Dirac point, and intra-sublattice contributions responsible for electron-hole symmetry breaking. Both types of corrections to the simplest near-neighbor model can be experimentally relevant. We find that distant neighbor hopping parameters increase the ratio of the full π-band width to the Dirac point velocity and flatten bands along the KM Brillouin-zone edge. We propose a 5-parameter model which achieves a good compromise between simplicity and accuracy, and an alternate 15 parameter model achieves better accuracy with some loss of simplicity.
I. INTRODUCTION
The electronic structure of graphene features π-orbital bands close to the Fermi energy and σ -orbital bands associated with its honeycomb lattice sp 2 bonding network. 1 The π and π * bands that are responsible for most observable electronic properties of graphene are usually described using tight-binding models obtained by fitting either to experiment or to theoretical first principles bands. [1] [2] [3] [4] Many qualitative features are correctly captured when only near-neighbor hopping is retained, although more accuracy can be achieved by increasing the number of parameters. For instance, the model introduced many years ago by Wallace 2 includes first and second neighbor hopping terms. Another useful model retains only nearest neighbor hopping, but introduces an additional parameter to allow for a finite overlap between orbitals 1 localized on neighboring sites. Both improvements make it possible to account for the electron-hole asymmetry of graphene's band structure. More recent work 3 based on the SIESTA 5 ab initio simulation software has provided a model which includes up to the third nearest neighbor hopping terms with finite overlaps between neighboring localized orbitals and provides a better fit of the bands over a broader energy range. An alternate and physically more transparent hopping tightbinding model has been obtained using a similar scheme. 4 More accurate tight-binding models are sometimes important in understanding the electronic properties of grapheme sheets, for example in deciding whether deviations from the nearneighbor model should be ascribed to band or many-body effects.
In this paper we explore graphene tight-binding models from the point of view of maximally localized Wannier 6 functions. The Wannier approach provides a physically intuitive but fully rigorous representation of graphene's π-bands. 7 In the Wannier representation the band Hamiltonian is succinctly represented in terms of parameters with an intuitive physical meaning as amplitudes for electron hopping from one site to another; the more physically opaque overlap parameters of some LCAO theories vanish exactly because of the orthonormality of the Wannier basis set. There is however a gauge freedom 8 in Wannier function construction that can mod-ify localization details and hopping parameters. One useful and physically meaningful prescription is to construct maximally localized Wannier functions which minimize spread relative to localization centers. 6 The numerical calculations we present are based on the maximally localized Wannier function method implemented in the software package wannier90 9 which postprocesses Bloch wave functions obtained from first principles calculations.
Our aim is to provide a tight-binding model for graphene that accurately reproduces the first principles local density approximation 10 bands produced by plane-wave psedopotential calculations as implemented in Quantum Espresso. 11 The numerical values of the hopping parameters thus obtained provide a highly accurate tight-binding fit to the ab initio π, π * bands throughout the Brillouin zone. We explicitly discuss the role played by remote neighbor hopping terms in these models, explaining how they are related to the Fermi velocity value, and to the trigonal warping and particle-hole symmetry breaking. Our paper is structured as follows. In section II we briefly summarize some of the ideas behind the Wannier function basis construction implemented in wan-nier90, and explain some details of this particular application of the maximally-localized Wannier method. In section III we present several tight-binding model approximations to the graphene π-bands model, some including up to seventeen distinct hopping parameter. We close the paper with a conclusions and discussion section, in which we focus on the merits of the recommended models.
II. MAXIMALLY LOCALIZED WANNIER FUNCTIONS IN GRAPHENE FROM DFT CALCULATIONS
Bloch states in topologically trivial solids can always be expanded in terms of localized Wannier orbitals. Because of the arbitrary k-dependent Bloch-state phase, Wannier functions are not unique. Our study is based on the wannier90 tool developed by Marzari and collaborators 9 which constructs maximally localized Wannier functions (MLWF) that minimize the spread of density probability around localization centers. We performed initial band-structure calculations using the quantum espresso code 11 with the ultrasoft C.pz-rrkjus Band structure of graphene obtained through Wannier interpolation of first principles LDA results for three different kpoint sampling densities. The potential was constructed from a common converged charge density obtained using a 36 × 36 mesh. Differences between the coarser sampling bands and the reference 30 × 30 sampling bands are shown below using solid (dashed) lines for the π-conduction (valence) bands. Note that the conduction band energy near the Brillouin-zone edge M point is most sensitive to the Wannier interpolation. b. Tight-binding band structures for different hopping parameter sets. The bands of the commonly used minimal model (pink) that has nearest neighbor hopping only is also shown for comparison. The minimal model hopping parameter chosen was t 1 = −2.59 eV to match the Dirac point velocity of the ab initio bands. The black solid lines plot the same reference bands as in the left panel, whereas the blue and red lines represent the tight-binding model bands obtained from 3 × 3 sampling which results in 5 independent hopping parameters (see Tables I, IV) , and the 15-band model implied by by 6 × 6 sampling. Note that the 5 nearest neighbor tight-binding model gives more accurate band structures than the 3 × 3 interpolated bands with a maximum error of about 2% of the bandwidth, whereas the 15 neighbor model is essentially identical to the 6 × 6 interpolated bands. The five parameter model follows the ab-initio bands reasonably accurately over the full Brillouin zone using a small number of parameters. The panel below plots differences relative to the reference bands. c. Surface plots for the maximally localized π-band and σ bonding orbital Wannier functions. The red and blue regions indicate positive and negative values of the real part of the wave function amplitudes. Adapted from Ref. [8] .
pseudopotential which is based on the Perdew-Zunger 12 localdensity-approximation (LDA) 10 exchange-correlation potential parameterization. We used a kinetic-energy cutoff of 80 Ry for the plane-wave expansion and calculated the selfconsistent ground state using a 36×36×1 Monkhorst-Pack mesh of k-points and a Fermi distribution edge fictitiously smeared by 0.02 Ry. Starting from a self-consistent charge density obtained in this way we evaluated up to 36 bands on different sets of n k x × n k y × 1 k-point grids. The required input overlap matrices and projections were calculated using the post-processing routine pw2wannier90 supplied with quantum espresso. For the maximally localized Wannier function calculation we used atom centered projections of the p z orbitals for the π, π * -bands of graphene and bond centered s orbitals for the bonding σ bands as initial guesses, and then ran wannier90 to obtain optimized MLWFs, following procedures similar to those explained in Refs. [8, 9] . We fixed the upper limit of the frozen energy window to be 1 eV above the Dirac point for the disentanglement procedure and set the maximum number of iterative steps to 300, which proved to be more than sufficient to converge the MLWFs and works particularly well for graphene. The Wannier function spread for the p z orbitals are discussed in appendix A and their numerical values gathered in Table III .
One advantage of the Wannier interpolation method is the possibility in some systems of accurately parameterizing first principles band structures across the entire Brillouin zone with a small number of parameters that can be extracted from a coarse k-point sampling. 13 In the case of graphene a rather limited 6 × 6 × 1 k-point sampling density with two atoms in the unit cell already leads to Wannier interpolated bands that are practically indistinguishable from the fully converged ab initio bands obtained from interpolation of a 30 × 30 k-points sampling calculation as shown in Fig. 1 . Some discrepancies are visible to the naked eye when we use a lower sampling density of 3 × 3 × 1. The density of k-point sampling defines the system size beyond which all properties are periodic, and therefore limits the maximum number of physically meaningful nearest neighbor hopping terms that can be used to reproduce the bands in the system. For a 3 × 3 × 1 sampling density 12   12  12   12   13   13  13   13   13  13   14  14   14   14  14   14   15  15   15  15   15   15   16   16  16   16   16  16   17   17   17   17  17   17   17   17   17 17 only 5 nearest neighbor hopping terms are properly defined (see Table I ).
III. π-BAND TIGHT-BINDING HAMILTONIANS
Because there is one π-electron per site, the π-band tightbinding Hamiltonian is a 2 × 2 matrix:
The Bloch function basis function for this Hamiltonian is related to the Wannier functions by
where α is the sublattice index, τ α is the position of the sublattice relative to the lattice vectors R and |R + τ α is a Wannier function. The matrix elements of the Hamiltonian are related to the Wannier representation hopping amplitudes by
where
represents tunneling from β to α sublattice sites located respectively at R + τ β and R + τ α . It follows from inversion symmetry that H AA (k) = H BB (k). By grouping neighbor vectors related by symmetry, the Hamiltonian matrix elements can be expressed as a sum over neighbor indices n:
or
where t n = t ABn and t n = t AAn are the common hopping of members of the set of n th neighbors for a given sublattice and f n (k) and g n are the corresponding structure factors obtained by summing phase factors exp(i k · R) over this set. 14 Additional discussions on the role of distant hopping terms can be found in appendix B. It is useful to distinguish neighbor groups that are off-diagonal in sublattice from those that are diagonal. The positions of the distant neighbors from a reference site 0 at the origin are shown in Fig. 2 where we use the blue and red colors to distinguish A and B sublattices. We have chosen a coordinate system in which the honeycomb's Bravais lattice has primitive vectors
where a = 2.46Å is the lattice constant of graphene. The selfconsistent LDA lattice constant we obtained was a = 2.44, about 1% smaller, and yields a converged nearest neighbor hopping of t = −2.99, see Table IV in appendix C, a value about 2-3 % greater than the results quoted in table I. The reciprocal lattice vectors are then
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The eigenvalues of graphene with inversion symmetry where H AA (k) = H BB (k) satisfies the relation
From the above expression it is apparent that the diagonal term |H AA (k)| is responsible for the particle-hole symmetry breaking of the bands, whereas the off diagonal term |H AB (k)| accounts for the main features of the energy bands. The position vectors with respect to the lattice centers for distant neighbor contributions, their relative phases and each succesive contributions to the Hamiltonian matrix element that adds a correction in the band dispersion are presented in table III. In the following we comment on the explicit form of the band distortion introduced by the inter-sublattice (AB) hopping responsible for the band dispersion and the intra-sublattice (AA or BB) diagonal terms that account for the particle-hole symmetry breaking of the Hamiltonian. The role played by each n th neighbor contribution in modifying the band dispersion is best illustrated comparing with the minimal nearest neighbor hopping tight-binding model, shown in Fig. 1 along the symmetry lines for the whole Brillouin zone and in Fig. 4 for the low energy regime.
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The intra-sublattice hopping terms particle-hole symmetry breaking in sin due to the k-point dependent diagonal t nian that we represent in Fig. 5b . Ther ping sites for a given n th -distant neighb spective distortions in the bands are illus an inspection of Fig. 5b , 6 and the hopp Table II we can observe that the 2 nd dista tures correctly the positive correction of points but fails to capture the features n We perform the initial band-structure calculations using the quantum espresso code, 10 using a kinetic-energy cutoff of 80Ry is used for the plane-wave expansion of the valence wavefunctions and the ultrasoft pseudopotential C.pz-rrkjus with the Perdew-Zunger parametrization 12 for Local Density Approximation (LDA) . 9 We obtain the self-consistent ground state using a 30×30×1 Monkhorst-Pack mesh of k-points and a fictitious Gaussian smearing in the Fermi distribution of 0.02Ry for the Brillouin-zone integration. Then starting from the self-consistent charge density we obtain up to 36 bands for different sets of n k x × n k y × 1 grid of k-points. The required input overlap matrices and projections are calculated using the post-processing routine pw2wannier.90 supplied with quantum espresso. We use atom centered projections of p z orbitals for the π, π * -bands of graphene and bond centered s orbitals for the bonding σ bands for the initial guesses and use wan-nier90 is used to obtain the MLWF, using a procedure similar to those outlined in references 7, 11 . We have set the number of iterative steps to 300 to minimize the gauge dependent and gauge independent spreads which was more than enough to obtain perfectly converged results.
One powerful use of the Wannier interpolation method is the possibility of reproducing to a high degree of accuracy the first principles band structure in the entire Brillouin zone for large enough supercells even when a very coarse k-point sampling is used. For example, in the case of a carbon nanotube the wannierization of a single Γ point calculation with 100 atoms in the unit cell allowed to obtain real space hopping parameters that reproduced practically exactly the ab initio bands obtained with 5 k-point sampling of a system with 20 atoms in the supercell. 13 In the case of graphene a rather limited k-point sampling density of 6 × 6 × 1 with two atoms in the unit cell already leads to Wannier interpolated bands that are practically undistinguishable to the fully converged ab initio bands as shown in Fig 1. Some small discrepancies are visible to the naked eye when we use a lower sampling density of 3 × 3 × 1. This sampling density can define properly 5 nearest neighbor hopping terms (see table II 
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One powerful use of the Wannier interpolation method is the possibility of reproducing to a high degree of accuracy the first principles band structure in the entire Brillouin zone for large enough supercells even when a very coarse k-point sampling is used. For example, in the case of a carbon nanotube the wannierization of a single Γ point calculation with atoms in the unit cell allowed to obtain real space hopp parameters that reproduced practically exactly the ab in bands obtained with 5 k-point sampling of a system with atoms in the supercell. 13 In the case of graphene a rather l ited k-point sampling density of 6 × 6 × 1 with two atom the unit cell already leads to Wannier interpolated bands are practically undistinguishable to the fully converged ab tio bands as shown in Fig 1. Some small where the C AA0 is constant which plays no role in most physical properties and C AA2 is responsible for particle-hole breaking. We find that C AA0 = −3t 2 + 6t 5 − 3t 6 − 6t 10 + 6t 12 + 6t 15 − 6t 17 (12)
The Dirac velocity and trigonal warping are specified at low energies by the following expansion
The values of these coefficients implied by different possible accurately characterizes the three most important paramete for continuum model theories that are valid at low energies. 15 nearest neighbor tight-binding model is able to accurate capture all the features of an LDA calculation.
IV. CONCLUSIONS AND DISCUSSIONS
We have presented highly accurate tight-binding mod based on maximally localized Wannier functions that can ca ture the relevant features of the bands in the entire Brillou zone as well as the low energy regime. The tight-bindi model we present here based on distant hopping terms a orthogonal localized Wannier orbitals is superior in both a curacy and transparency of the physical interpretation w respect to previous proposals based on one or two near neighbor hopping terms and use localized orbitals with a nite overlap between neighboring sites. On the one hand t inter-sublattice corrections due to trigonal and higher ord distortions beyond the nearest neighbor tight-binding mod that become noticeable when we access high density carr doping regimes. The contribution of distant hopping term have a rather strong effect in renormalizing the Fermi veloc Tables V, VI. Because of the inversion symmetry property H AA (k) = H BB (k), the π-band energies of graphene are given by
It follows that the velocity at the Dirac point is determined by |H AB (k)|, i.e. by the inter-sublattice hopping contribution to the Hamiltonian, and that particle-hole symmetry is broken whenever |H AA (k)| = 0, i.e. whenever there is an intra-sublattice contribution. As summarized in Table V , for all inter-sublattice hopping processes f n (k) vanishes at the Brillouin-zone corner k D = (4π/3a, 0) and has a leading correction proportional to q exp(−iθ q ). Here q is wave vector measured from the Brillouin-zone corner. The intra-sublattice processes on the other hand have no linear in q terms and are isotropic to second order in q. The sub-leading term in the expansion of the inter-sublattice terms behaves like q 2 exp(2iθ q ). The low energy k · p model implied by a given tight-binding parameterization is obtained by performing a Taylor expansion of the bands near the Dirac point K. Intra-sublattice processes contribute to the diagonal elements of the k · p Hamiltonian whereas inter-sublattice processes contribute to the offdiagonal matrix elements. For the off-diagonal elements for which the Dirac velocity and trigonal warping are specified at low energies we have
involving sums of f n terms for matrix elements connecting sites αβ = AB. The explicit form of the expansion coefficients are given by
where we have abbreviated the notation by denoting t n = t αβ n removing the αβ subscripts. For the diagonal elements responsible for particle-hole symmetry breaking as summarized in Table VI we have
and their form is given by
AB n m N 0 d n /a t n,3×3 t n,6×6 t n,12×12 t n,30×30 AA n m N 0 d n /a t n,3×3 t n,6×6 t n,12×12 t n,30×30 for matrix elements connecting the sites αβ = AA, BB for intra-sublattice hopping parameters involving sums of g n terms. We have used the primes, both for the expansion coefficients as well as the hopping terms, to remark they involve expansions of g n terms rather than f n . More distant hopping processes make a relatively smaller contribution to C AA2 as expected. Thus, the continuum model Hamiltonian near k D = (4π/3a, 0) in terms of the effective parameters can be written as
where σ x and σ y are Pauli matrices. The values of the parameters for expansion near the Dirac point are given in table II, both for the experimental lattice constant and a slightly smaller self-consistent LDA value. The values of the k · p parameters corresponding to different tight-binding models are summarized in Fig. 4 . We see there that, in addition to providing a good characterization of the overall shape of the bands, the 5 neighbor tight-binding model accurately characterizes the three most important continuum model band parameters. The main advantage of the 15 parameter model is that it provides a more accurate description of the conduction band van Hove singularity. /3a, 0) . The C AB1 term is related with the Fermi velocity through υ F = C AB1 /h. Both the 5 and 15 parameter models give a satisfactory agreement in the main parameters that define the effective continuum model. Although the particle-hole symmetry breaking term given by C AA2 shows the largest discrepancy between both models they have a relatively small effect due to their small values compared to the other two terms. The results between the experimental and selfconsistent LDA lattice constant that are different by less than 1% introduce marginal changes in the obtained parameters.
We have discussed graphene π-band tight-binding models derived from maximally localized Wannier functions, assessing the degree to which they reproduce the Dirac velocity, trigonal warping, and particle-hole-symmetry breaking parameters that appear in continuum models of graphene, and their overall accuracy within an eV of the Dirac point. We find that a relatively convenient five near-neighbor tight binding model with three inter-sublattice and two intra-sublattice hopping parameters obtained from a rather coarse 3 × 3 k-point momentum-space sampling already provides a substantial improvement relative to the commonly used minimal model with only near-neighbor hopping. Accuracy is further improved near the conduction band van Hove singularity by using a fifteen parameter model which retains nine intra-sublattice hopping processes and six inter-sublattice hopping processes. These two models are superior in both accuracy and in the transparency of their physical interpretation compared to previously proposed refinements of the minimal model.
Intra-sublattice particle-hole symmetry breaking effects are most prominent near symmetry points with peaks at Γ and valleys around M and K. These effects require at least up to fifth nearest neighbor hopping terms for a qualitatively correct description. The fifteen parameter model based on 6 × 6 sampling provides an essentially exact reproduction of the ab initio LDA bands.
The models presented here provide a tight-binding platform for graphene electronic property studies which have ab initio accuracy. The improved accuracy relative to the minimal model is valuable, especially for applications in which high-energy features of the bands must be accurately captured. Examples that come to mind include optical absorption in visible and near-infrared regimes 15 and putative superconductivity [16] [17] [18] in systems with Fermi energies at the van Hove singularities.
Of course, the tight-binding model is only as accurate as the ab initio LDA calculation that it approximates. Our use of For the three models considered these plots show the dependence on hopping-parameter truncation at different neighbor shells. C AB1 , C AB2 , and C AA2 are respectively the velocity, trigonal warping, and particle-hole symmetry breaking parameters for continuum k · p models and are defined in Eqs. (12) (13) and (15) (16) the LDA approximation is intentional since we wish to construct bands that have a realistic bonding structure, but want as far as possible to construct a model which does not already reflect the peculiar π-band 19-21 exchange and correlation effects which increase Fermi velocities in low-carrier density systems when disorder is weak and reshape 22 Dirac cones. It is well known, for example, that many-body physics is necessary in particular to explain the divergence of the Fermi level quasiparticle velocity at vanishing carrier density 22 , photoelmission satellites 23 and the plasmaron features near the Dirac point in ARPES spectra when the carrier density is finite. 24 Manybody effects must be accounted for separately because their influence depends on the observable under study, in addition to being dependent on carrier-density and disorder. For many low-energy phenomena, the influence of interactions can often be accounted for simply by renormalizing the Fermi velocity, or equivalently by renormalizing hopping parameters. Many body velocity enhancements are likely responsible for the fact that near-neighbor hopping parameters that are obtained by fitting to experimental data are normally larger than those of our tight-binding models. The present analysis suggests that the minimal nearneighbor tight-binding model often used for graphene pro-vides an adequate description of many properties not because hopping really is very short-ranged, and instead because the low-energy bands depend only on the Dirac-point velocity. Presumably the same is true of inter-layer hopping terms. The range of inter-layer hopping processes plays a key role in assessing the influence of relative layer alignment 25-28 on the electronic structure of graphene on graphene and graphene on boron nitride. The maximally-localized Wannier approach should prove equally valuable for those closely related electronic structure problems.
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Appendix A: Wannier Function Spread Wannier functions constructed from an ab initio calculation with a finite density of k-points have a density which is localized near points separated by a distance inversely related to the coarseness of the k-point mesh. The spread of the Wannier wave functions around their centers provides estimates of atomic orbital size. A mean-square characteristic is defined by 8
where n is the index of each Wannier function andr n its center.
Here Ω I is a gauge invariant contribution to the spreading that remains fixed for a given choice of band subspace, whereas Ω can be minimized through iterative unitary transformations as explained in reference [9] . The dependence of orbital spreading on k-point sampling density is weak in the case of graphene, as we show in Table III The role played by remote neighbors in modifying the band dispersion is best illustrated by comparing with the minimal nearest neighbor model bands, plotted in Fig. 1 and magnified near the Dirac point in Fig. 3 . The inter-sublattice hopping terms are responsible for the main features in the band dispersion, including the trigonal distortions near the Dirac point. The nearest neighbor amplitude has the largest value and already captures the bands qualitatively. As we can see in Table  II the third neighbor hopping process is responsible for a substantial reduction in the trigonal distortion produced by first neighbor hopping. In Fig. 4 we plot equal magnitude contours for individual remote neighbor contributions. The more remote neighbors play a less essential role because of hopping amplitude decreases. The strength of trigonal warping is reflected by the difference in band dispersion around the Dirac cone between the Γ− K and K − M directions, as illustrated in Fig. 3 . The role of inter-sublattice hopping terms is illustrated using conduction band surface and contour-plots for the bands obtained for neighbor sheels 1, 3, 4, and 7 with the hopping parameter set to t nAB = 1 eV. More distant neighbors give features that vary more rapidly in momentum space. b. Similar plots for intra-sublattice contributions from neighbor shells 2,5,10, and 17. We have indicated with red arrows those sites labeled with an asterisk in Table VI. The intra-sublattice hopping terms that account for the particle-hole symmetry breaking are examined in Fig. 3b . There are at least six hopping sites for a given n th -distant neighbor hopping whose contributions to the bands are illustrated in Fig. 4 . From an inspection of Figs. 3d, 4 and the hopping terms gathered in Tables I, IV we can observe that the 2 nd distant hopping term alone captures correctly the positive correction to the bands near the Γ, but fails to capture features near M and K points. The 5 th neighbor hopping is responsible for dips of the diagonal terms near M and K and also plays an important role in reversing the sign of the leading parabolic particle-hole correction term near K. We conclude that all main features in the bands can be captured by a five neighbor tight-binding model. is the analytic expression of the n th neighbor contribution to the Hamiltonian matrix element and g cont αβ n (k D + k) is its continuum approximation near the Dirac point.
